We formulate a quasiclassical theory (ωcτ 1 with ωc as the cyclotron frequency and τ as the relaxation time) to study the influence of magnetic field on electron-impurity scattering process in the two-dimensional electron gas. We introduce a general recipe based on an abstraction of the detailed impurity scattering process to define the scattering parameter such as the incoming and outgoing momentum and coordinate jump. In this picture, we can conveniently describe the skew scattering and coordinate jump, which will eventually modify the Boltzmann equation. We find an anomalous Hall resistivity different from the conventional Boltzmann-Drude result and a negative magnetoresistivity parabolic in magnetic field. The origin of these results has been analyzed. The relevance between our theory and recent simulation and experimental works is also discussed. Our theory dominates in dilute impurity system where the correlation effect is negligible.
I. INTRODUCTION
Magneto-transport of two-dimensional electrons is an interesting but yet complicated topic in condensed matter physics. Its various behavior, such as the Shubnikovde Haas oscillation [1] , quantum Hall conductance [1] , and so on, contains a wealth of information about the underlying systems. However, one of the most simple questions in this field, i.e., how the electron transports through disordered materials in the quasiclassical regime, has not been fully understood yet.
In the semiclassical (ω c τ 1) and quasiclassical (ω c τ 1) regime, the electron transport can be generally described by the Boltzmann equation [2] . However, Bobylev et al. [3, 4] pointed out that the Boltzmann equation has to be revised to incorporate a nonMarkovian effect (also called memory effect [3] [4] [5] [6] [7] [8] ) resulting from both repeated scattering off the same impurity, and repeated passing through a region without scattering (the latter one is also called Corridor effect [3] [4] [5] [6] ). In addition to the memory effect, there is an equally important issue that needs to be addressed, i.e. how the magnetic field affects a single electron-impurity scattering event. This problem has a fundamental difficulty in defining scattering parameters as the incoming and outgoing asymptotic trajectories are bent by the magnetic field.
In this work, we introduce a general recipe based on an abstraction of the detailed impurity scattering process to define scattering parameters for the single elastic impurity scattering. It yields the conventional scattering parameters in the absence of the magnetic field. More importantly, it can introduce an appropriate set of scattering parameters in the presence of magnetic field to calculate the differential cross section. Specifically, the real scattering process can be abstracted into a sudden switch between the initial asymptotic and the final asymptotic trajectory. In this classical picture, we can conveniently describe the skew scattering [9] and coordinate jump [10] , which will eventually modify the Boltzmann equation. We then apply this recipe to the two-dimensional Lorentz model [11] where free electrons are subject to in-plane electric field and out-of-plane magnetic field and are scattered by randomly distributed hard-disk impurities.
We show the following results. 1) The magnetoresistivity is a negative parabolic function of magnetic field. The inclusion of our magnetoresistivity into previous theory of corridor effect [6] yields a more accurate result of magnetoresistivity, closer to the numerical result [5] .
2) The obtained Hall coefficient [12] becomes magnetic field-dependent, deviating from the Drude theory. In experiment, it is necessary to convert the effective electron density given by the measured Hall coefficient into the real electron density.
3) The longitudinal relaxation time obtained in our theory depends on magnetic field which deviates from the Drude theory. 4) The diffusion coefficient at the absence of magnetic field obtained in our theory has a decreasing trend as a function of n i a 2 (where n i is the impurity density, and a is radius of impurity).
This paper is organized in the following way. In Section II, we present the general recipe to define scattering parameters for the impurity scattering, and use it to discuss the skew scattering and coordinate jump under magnetic field. The conventional Boltzmann equation is thus modified by these two mechanisms in the linear response regime [13] . In Section III, we solve the modified Boltzmann equation for two-dimensional Lorentz model and derive the anomalous Hall resistivity and negative magnetoresistivity. In Section IV we compare our result with relevant simulations and experiments. Finally, we introduce a phenomenological method to include skew scattering into the Drude model.
II. CLASSICAL THEORY OF IMPURITY SCATTERING AND ELECTRON TRANSPORT UNDER MAGNETIC FIELD
In this section, we will formulate a classical theory of impurity scattering and electron transport influenced by the external magnetic field in the quasiclassical regime. We assume a low impurity concentration to ignore localization/anti-localization effects [14] . For simplicity, we also assume a central scattering potential. Finally, we only consider a single scattering event and ignore the well-studied memory effect.
The derivation and discussion in this section are organized as follows. First, we review a critical issue in formulating our theory: as the incoming and outgoing asymptotic trajectories are bent by the magnetic field, it is not clear how to parameterize them. To resolve this issue, we introduce a general recipe to redefine the impact parameter, the incoming and outgoing momentum, and the scattering angle. Then we use them to naturally describe and calculate the skew-scattering and coordinate jump at the presence of the magnetic field, which will eventually modify the Boltzmann transport equation. The illustration of a general scattering process without magnetic field. The solid curve is the real trajectory starting from color red and ending with color blue. The red and blue dashed lines are the initial and final asymptotic trajectory, respectively. The red and blue empty dot are the starting point and ending point, respectively. The green line is the event line passing through starting point and impurity center.
A. Abstraction of impurity scattering process
Our final goal is to study the electron transport under magnetic field in a classical picture. Therefore, we will use the Boltzmann transport equation. It contains two parts: one describes the electron drifting between collisions driven by external forces, and the other one describes the electron scattering off impurities that leads to electronic steady states. In our situation, the drifting part is simply driven by the Lorentz force, which is well known. Therefore, we will focus on the impurity scattering under magnetic field.
There is a critical issue in describing such a scattering process classically. To see this, we first review the conventional electron-impurity scattering in the absence of the magnetic field. In Fig. 1 , we plot such a scattering process. The real electron trajectory is represented by the solid curve, with the arrow showing the direction of the electron motion. Then scattering parameters such as the impact parameter, the incoming and outgoing momentum, and the scattering angle are easily defined from the incoming and outgoing asymptotic trajectories, as illustrated in Fig. 1 . In the presence of a constant out-of-plane magnetic field, however, such definition of scattering parameters does not work, because the above quantities vary in time in the asymptotic sense due to the curved incoming and outgoing asymptotic trajectories.
To resolve this issue, we propose a recipe to define those scattering parameters generally. First we introduce the abstraction of the impurity scattering process. It proceeds as follows: we assume the scattering occurs suddenly at the time t = 0; we then use the asymptotic trajectories as t → −∞ and t → ∞ to replace the true trajectory at t < 0 and at t > 0, respectively. We call those imaginary trajectories as the initial and final asymptote, respectively. We define this method as the abstraction of the impurity scattering process, as it only keeps the essence of the scattering process, i.e. the transition from the initial asymptote to the final asymptote, and abstract the detail of the transition as a sudden switch.
There is a degree of freedom in the above procedure. Note that even though we have restricted the scattering to occur at t = 0, this point itself is not well defined. In other words, we have the freedom to define this artificial point. For a central scattering potential, we can fix this issue by requiring that at t = 0 the electron reaches the point in the initial asymptote closest to the scatter. We call this point the starting point (represented by the red dot in Fig. 1 ). If the scattering potential respects the rotational symmetry, the starting point in different initial asymptotes form a straight line called the event line which marks the occurring of scattering event as illustrated in Fig. 1 . It turns out that the event line is orthogonal to the initial asymptotes and passes the center of the scatterer.
With the help of the abstraction of the impurity scattering process, we define the scattering parameters as fol-lows. We define the distance between the starting point and the scattering center to be the impact parameter, the momentum at t = 0 − and t = 0 + to be the incoming and outgoing momentum, respectively, and the angle between the incoming and outgoing momentum to be the scattering angle. Those scattering parameters reduce to the conventional ones in the absence of the magnetic field, as shown in Fig. 1 . We further define the point in the final asymptote at t = 0 + to be the ending point (represented by the blue dot in Fig. 1 ). This definition of scattering parameters is clearly independent of the scattering details and works for any type of the initial and final asymptotes.
Using the above concepts, the abstraction of the scattering process can be concisely stated as follows: the electron moves along the initial asymptote to the starting point, gets scattered to the ending point and finally moves away from the scatterer along the final asymptote.
To further illustrate our recipe, we apply to the twodimensional Lorentz model [11] in which electrons are subject to a magnetic field and random hard-disk scattering potentials. In Fig. 3 , we plot such a scattering event and illustrate scattering parameters defined using our recipe.
B. Application to hard disk potential
We first apply the abstraction of the scattering process to hard disk potential in the absence of magnetic field. Consider an electron incident on a hard disk potential with straight line trajectory (Fig. 2) . The real trajectory (solid lines) stops at the turning point on the scatterer. However the initial and final asymptote (dashed lines) can be elongated along the real trajectory and pass through the scatterer. The event line that marks the occurring of scattering event passes through the center of scatterer and the starting point (red empty dot) on the initial asymptote. The incoming momentum k and outgoing momentum k are defined at the starting (red empty dot) and ending point (blue empty dot) on initial and final asymptote, respectively.
In contrast, in a system at the presence of magnetic field, the trajectory is bent, the incoming momentum k and outgoing momentum k have different definition from the case with straight line asymptote, due to the directions of the initial/final asymptote changes over time. As shown in Fig. 3 , the red and blue dashed lines are the asymptotic trajectory which completes the circular trajectory. The incoming k and outgoing k are defined along the tangential direction to the initial asymptote and final asymptote at the starting point and ending point, respectively (see Fig. 3 ). The plots of the differential cross section of two processes: k → k and k → k, respectively. The impurity radius a=100 nm ; the magnetic field is 0.1 Tesla; the electron velocity is 10 4 m/s. The Ω kk is different from Ω k k , which leads to skew scattering.
C. Skew scattering under magnetic field
In this section, we discuss the skew scattering in the classical picture. As shown in previous literatures, the antisymmetric part of the probability of scattering W kk leads to the skew scattering [9] . W kk (probability of scattering from k → k ) is related to the differential cross section as W kk = n i v k Ω kk , where n i is the impurity concentration and v k is the electron velocity. For harddisk potentials, the scattering is elastic, which means v k = v k . Therefore, a nontrivial antisymmetric part of W kk is equivalent to requiring that Ω kk − Ω k k = 0.
Using the scattering parameters shown in Fig. 3 , the differential cross section is easily calculated:
Here we use the fact that b is only a function of θ and k = |k| due to the rotational symmetry and the elastic nature of scattering. For two-dimensional Lorentz model, the relation between b and θ and k is given by (derived in Appendix A)
with R = k/(eB). Therefore, the differential cross section reads as
On the other hand, the differential cross section of the inverse process k → k is labeled by Ω k k , and can be calculated as follows:
. Therefore, its expression reads as
From Eq. 2 and 3, it is easy to identify Ω kk = Ω k k as shown in Fig. 4 , leading to the nontrivial skew scattering contribution to the electron transport in two-dimensional Lorentz model. We further comment that the nature of the above inequivalence is easy to understand. Note that in the limit B → 0, R → ∞ and hence Ω kk − Ω k k → 0. Therefore, a finite magnetic field is essential to the skew scattering mechanism, which breaks the timereversal symmetry.
D. Coordinate jump under magnetic field
In this section, we discuss the coordinate jump [10, 15, 16] , labeled by δr k k (coordinate jump from k → k ). In our recipe of describing the impurity scattering, it can be conviniently defined as the difference between the starting point r s and the ending point r e : δr k k = r e − r s . It can be further divided into longitudinal jump and transverse jump, which are parallel and orthogonal to the incoming momentum k, respectively.
In Fig. 3 , the longitudinal jump is δx k k and the transverse jump is δy k k . Similar to the differential cross section, they are also functions of θ and k, and can be calculated for two-dimensional Lorentz model as follows (derived in Appendix B)
Coordinate jump has two contributions to the electron transport. First, it may induce a net jump velocity v cj that modifies the electronic drift velocity:
with v = k/m. Secondly, it leads to a electrostatic potential difference eE · δr k k and thus affects the electronic equilibrium distribution function.
Finally, we comment that as B → 0 the transverse jump does not have a net jump velocity, as the system respects a mirror symmetry with the mirror passing through the scatterer, parallel to k, and normal to the material plane. On the other hand, the longitudinal jump is not restricted by any symmetry and hence can be nonzero. Both statements can be easily verified for two-dimensional Lorentz model using Eq. 2, 4, and 5.
E. Modified Boltzmann equation
The Boltzmann equation can be generalized to include the skew scattering and coordinate jump, reading as (e > 0)
where f 0 is the equilibrium distribution function. We emphasize that in the above equation, |k | = |k| because the scattering is elastic.
To solve up to the linear order of electric field, we assume that
where g cj ( , k) is the part of the non-equilibrium distribution function purely due to the coordinate jump (or called anomalous distribution function), and g r is the non-equilibrium distribution function in the absence of coordinate jump (or called normal distribution function). Combining Eq. 7 and Eq. 8, keeping the terms linear order in electric and magnetic field, and ignoring the coupling between skew scattering and coordinate jump, the Boltzmann equation is decomposed into two equations:
With all the above ingredients the electrical current density is given by
III. SOLUTIONS OF THE BOLTZMANN EQUATION
A. Zero magnetic field case
In this case, the coordinate jump only exists along the initial k direction.
which is along the opposite direction to v. The Boltzmann equation is solved as
where
and
where the carrier density n = m F π 2 . It happens that the σ cj1 (conductivity induced by the anomalous distribution) and σ cj2 (conductivity induced by longitudinal jump) cancel out with each other as seen from Eq. 16. Therefore, the total electrical conductivity is
There is a correction to the electron density, because the electrons are only present in the free area excluding the area occupied by impurities. The electron density
, where A and A i represent the total 2D area and the area occupied by the hard disk impurities, respectively, and n D = N A is the electron density without the correction to exclude the area that impurities take. Thus,
Therefore, the measured electrical conductivity is also corrected by
with the Drude transport relaxation rate 1/τ
in the Drude model, because τ 0 ( F ) decreases as a function of the dimensionless quantity n i a 2 (see Eq. 19). The deviation of the diffusion coefficient from the Drude model in a previous computer simulation of Lorentz model with overlapped hard sphere impurities [11] is similar to the trend of deviation in our theory.
B. Low magnetic field case: Hall coefficient and magnetoresistivity
For the normal distribution function, we substitute the assumption of the solution from Eq. 8 g
where we define
where the asymmetric part between Ω kk and Ω k k is Ω A = 1 2 (Ω kk − Ω k k ), and the symmetric part between Ω kk and Ω k k is Ω S = 1 2 (Ω k k + Ω kk ). As can be seen, the relaxation time in Eq. 21 and Eq. 22 is valid for small For the non-equilibrium distribution function due to coordinate jump, we first calculate
Then we substitute the assumption of the solution
into Eq. 10 and get
The electrical current in the linear response regime is given by j i = j σ ij E j , where i, j = x, y. With transverse open circuit condition j y = 0, we obtain
where tan θ H ≡ σyx σxx denotes the Hall angle, and the Hall coefficient R H depends on magnetic field and F . Usually only the magnetic field-independent Hall coefficient R H | B=0 is needed. The magnetoresistivity is
σ (B=0) where ρ = σ −1 is the resistivity and δσ (B) ≡ σ (B) − σ || (B = 0) is the magnetoconductivity. Because 
Then we can solve for the Hall coefficient and the magnetoresistivity. The full expression of Hall angle without requirement of weak magnetic field regime (ω c τ 0 1) is given by
(36) To expand the Hall coefficient and the magnetoresistivity, we use the approximation n i a 2 1. The Hall angle and the magnetoconductivity are
respectively. The correction due to effective area of free space excluding the impurities area is of higher order and thus neglected.
The magnetoresistivity
negative, and is composed of three contributions: 1) the contribution from the Hall angle, more specifically, from the anomalous distribution function to the Hall transport C ⊥ a → τ T,cj → tan θ H ; 2) the magneticfield-induced correction to the longitudinal transport relaxation time τ − τ 0 → σ xx ; 3) the contribution of anomalous distribution function to the longitudinal transport C ⊥ a → τ L,cj → σ xx . The leading order correction of the Hall angle − π 4 n i a 2 ω c τ 0 stems from the magnetic-field-induced skew scattering. This result is comparable to that caused by the classical memory effect [7] in the limit n i a In experiments, the measured Hall coefficient does not give the real electron density n. The Hall coefficient is R H = −1/n e, where n is the effective electron density n ≈
where c = πa 2 n i . We use the value of c = 0.15 here as an example (this value is also used in the discussion) and find that n ≈ n 0.97 which is not a small difference. In experiments the conversion from n to n is necessary.
We note that in a previous work [17] , it is already recognized that there may be corrections to the Hall coefficient dependent on the impurity scatterings. However, their result is due to the magnetic-field-affected Bloch-electron drifting motion, and is proportional to the 1 (τ 0 ) 2 (or equivalently, (n i a 2 ) 2 ). Therefore, our correction here has different origins (magnetic-field-affected electron-impurity scattering), as well as different scaling behavior (i.e. proportional to n i a 2 ).
IV. DISCUSSIONS
A. Magnetoresistivity in comparison with simulation at low magnetic field
In this section, we compare our theoretical results with the analytical and numerical results for the pure 2D Lorentz model previously obtained in literatures [5, 6] . At low magnetic field ω c τ 0 < 1, the theory in [5, 6] predicted a negative magnetoresistivity due to the influence of magnetic field on the Corridor effect (enhancing the backscattering from the first impurity to the second impurity and back to the first impurity) and on multiple scatterings.
In this table in IV A, c = πn i a 2 = 0.15, β = is the quadratic contribution due to influences of magnetic field on returns after multiple scatterings in [6] . The fourth column is the simulation result of magnetoresistivity in [5] . The purpose is to compare the simulation result [5] in the seventh column with the summation of all the analytical results in the sixth column. Indeed, we see that the inclusion of our result δρ cρ 0 an yields a more accurate result of magnetoresistivity, closer to the numerical result [5] , especially under relatively smaller magnetic field (β = 0.45 and β = 0.6).
ω c τ = is the analytical values of magnetoresistivity influenced by Corridor effect in [6] . The fifth column is the summation of all the analytical results from [6] . The sixth column includes our results in addition to previous analytical results in fifth column. The seventh column δρ cρ0 si is the simulation result of magnetoresistivity in [5] .
As can be seen from the table, the inclusion of δρ cρ0 an (the magnetoresistivity calculated by our theory) systematically yields a more accurate result of magnetoresistivity, closer to the numerical result, especially under relatively smaller magnetic field (β = 0.45 and β = 0.6). Under relatively larger magnetic fields, the deviation of the analytical values to the simulation values increases. The reason is as follow. The applicability of our theory demands R > l 0.6/ √ n i a where l is the mean free path [18] (otherwise a percolation transition occurs), i.e., β < 1 0.83 n i a 2 −1/2 . Given the value πn i a 2 = 0.15 in the table, the restriction of β in our theory is β 0.83 n i a 2 −1/2 = 3.8, so the value of δρ cρ0
an at large β may not be accurate. Also, the validity of the theory of corridor effect influenced magnetoresistivity [6] holds well under similar restrictions. Thereby the difference between the analytical (fifth column) and simulation results (sixth column) increases with larger β.
We choose the value of c = πn i a 2 = 0.15 in IV A because the negative magnetoresistivity in both our theory and previous theory [5, 6] is more significant at larger value of c, and the largest c can be found in literatures [5, 6] is c = 0.15. In our theory, as can be seen in the expression δρ an /δρ = 6n i a 2 , our result of magnetoresistivity will be more relevant at larger n i a 2 . In literatures [5, 6] , the dominance transits from corridor effect to the terms quadratic in β (second column plus third column) when the magnetic field increases to be larger than a threshold value. The threshold magnetic field is inside strong magnetic field regime β 1. Larger c lowers the threshold magnetic field into weak magnetic field regime β 1 [5, 6] (inside the valid range of our theory). So we need the c as large as it can be. The suppression of the corridor effect gives prominence to our result, so we need the magnetic field as large as possible inside the weak field regime.
To sum up, the magnetoresistivity due to corridor effect (fourth column) is obscured by the contributions of terms quadratic in β (second column plus third column) with increase of magnetic field. On the other hand, the transition of dominance between the corridor effect induced magnetoresistivity and the terms quadratic in β is also related to c.
B. Magnetoresistivity in comparison with experimental results
In this subsection we discuss the possible relevance of our result to experiments. Our theory is based on the Boltzmann framework neglecting the memory effect in successive scattering events. In realistic 2D electron sys-tems with strong scatterers (such as interface roughness) which may be comparable to hard disks, the correlation between successive collisions may be broken by the applied electric field and other sorts of disorder. Thereby we may try to fit some experiments by only our results regardless of the correlation effect.
The negative parabolic magnetoresistivity has been observed in a corrugated 2DEG in GaAs wells [19] . Although the authors explained their observation by the Corridor effect related magnetoresistivity, the fitting value for a/l = 2n i a 2 is too large (a/l = 5.3). Thus the magnetoresistivity theory in terms of corridor effect in 2D Lorentz may not provide a suitable description for the experiments. If we fit the experimental parabolic negative magnetoresistivity in low magnetic field to our formula, we get a reasonable value n i a 2 = 0.12. Negative parabolic magnetoresistivity was also observed in a 2DEG in a GaN heterostructure [8] , and explained by a two-component disorder model [20] . We can also fit the parabolic negative magnetoresistivity by choosing n i a 2 = 0.042. However, both of our theory and the classical magnetoresistivity theory based on memory effects [8] cannot explain the observed large negative linear magnetoresistivity in larger magnetic field [8, 19] . This experimental regime is still beyond existing theories.
C. Phenomenological inclusion of skew scattering into the Drude model
In the Drude theory, the scattering rate 1 τ is treated as a constant without microscopic calculation. In this subsection we show that the skew scattering can also be phenomenologically fitted into Drude framework.
In traditional Drude theory, the equation of motion is
In the presence of out of plane magnetic field, due to the rotational symmetry in the two dimensional plane, 1 τ becomes an anti-symmetric tensor with nonzero offdiagonal term:
The modified equation of motion is 1 + (
which have the same result as the Boltzmann theory. However unlike Boltzmann theory, Drude phenomenological model cannot give the detailed form of the longitudinal and transverse relaxation time.
V. CONCLUSION
In summary, we have formulated a quasiclassical theory for the magnetotransport in the 2D Lorentz model. This theory takes into account the effects of the magnetic field on the scattering cross section and a coordinatejump effect using the recipe of the abstraction of the real scattering process in the quasiclassical Boltzmann framework. We found an anomalous Hall resistivity different from the conventional Boltzmann-Drude result and a negative magnetoresistivity as a parabolic function of magnetic field. The origin of these results has been analyzed. We have also discussed the relevance between our theory and recent simulation and experimental works. Our theory dominates in dilute impurity system where the correlation effect is negligible. Derivation of coordinate jump
The coordinate jump can be derived by δr = − − → OE − − − → OD, where D and E are the starting point and ending point (Fig. 5) .
− 
To replace b and α in terms of R, a, θ, we get 
